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Advantage of the Factor Model in Treatment Effect

Flexible in modelling cross section dependence.

No need to estimate estimate the number of factors, factors or factor

loadings.

Easy and fast to implement: just OLS!
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The General Question in Program Evaluation

Observation: {dit ,Yit}, i = 1, . . . ,N, t = 1, . . . ,T .

dit = 1 if the ithe unit is under treatment at time t, and dit = 0

otherwise. Yit : outcome variable.

Let Y 1
it and Y 0

it denote unit i’s outcome in period t with and without

treatment, respectively. We cannot simultaneously observe both.

Thus, the observed data is in the form Yit = ditY
1
it + (1− dit)Y 0

it .

Our point of interest: Treatment Effect as

∆it ≡ Y 1
it − Y 0

it

Or, at least, the Average Treatment Effect (ATE).

Difficulty: We need to address (model) unobserved heterogeneity

appropriately; otherwise, estimate of ATE would be BIASED.
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An Easy Tackle: DID under Fixed Effects

Heuristically, we assume N = 2 and T = 2. In particular, at time t

(pre-treatment), no one receives treatment; at time s (post-treatment),

unit 1 receives treatment while unit 2 does not.

Thus, we observe: {Y 0
1t ,Y

0
2t ,Y

1
1s ,Y 0

2s}, and impose the following structure

Y 0
1t =α1 + λt + u1t

Y 0
2t =α2 + λt + u2t

Y 1
1s =α1 + λs + ∆1s + u1s

Y 0
2s =α2 + λs + u2s

Naturally,

∆̂1s =
(
Y 1
1s − Y 0

1t

)
−
(
Y 0
2s − Y 0

2t

)
will be consistent if N → ∞
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A Detour: a brief introduction of factor models

The basic model

Yit = X ′itβ + b′i ft + uit (1)

bi (K × 1) is a vector of (unobserved) factor loadings, and ft (K × 1)

is a vector of (unobserved) factors, so that

b′i ft = bi1f1t + . . . + biK fKt . uit is idiosyncratic error.

Interpretation of ft and bi , see Bai (2009, Econometrica).

Note when ft is constant, model (1) turns to an individual fixed effect;

when bi is constant, model (1) turns to a time fixed effect; when

ft=

(
1

λt

)
, bi=

(
αi

1

)
,

b′i ft = αi + λt , specializing the two-way fixed effect model.

Wei Jie (HUST) Factor Model and Program Evaluation 8 / 48



Heuristics

Again, assume N = 2 and T = 2.

Pre-treatment at time t,

Y 0
1t =α1 + b′1ft + u1t (2)

Y 0
2t =α2 + b′2ft + u2t (3)

Post-treatment at time s,

Y 1
1s =α1 + b′1fs + ∆1s + u1s (4)

Y 0
2s =α2 + b′2fs + u2s (5)

Ideally, we wish to have Y 0
1s so that ∆1s = Y 1

1s −Y 0
1s , and then job is done.

The bad news is Y 0
1s is NOT directly observed. The good news is we know

that

Y 0
1s = α1 + b′1fs + u1s (6)

so it is hopeful to estimate Y 0
1s with information available.
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The Main Idea

For simplicity, we further assume that K = 1. Then, by (6)− (5)× b1
b2

,

Y 0
1s −

b1
b2

Y 0
2s = α1 −

b1
b2

α2 + u1s −
b1
b2

u2s

Or equivalently,

Y 0
1s =

(
α1 −

b1
b2

α2

)
+

b1
b2

Y 0
2s + u1s −

b1
b2

u2s (7)

Meanwhile, by (2)− (3)× b1
b2

, we find that at pretreatment

Y 0
1t =

(
α1 −

b1
b2

α2

)
+

b1
b2

Y 0
2t + u1t −

b1
b2

u2t (8)

If we could collect data from multiple periods, say T1, of pre-treatment,

then equation (8) holds for t = 1, . . . ,T1. So it is likely we can get a good

estimator for
(

α1 − b1
b2

α2

)
and b1

b2
, as intercept and slope, and thus derive

Ŷ 0
1s from (7), and thus come to ∆̂1s = Y 1

1s − Ŷ 0
1s .
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A Formal Framework

Basics. Total periods: T . Pretreatment: t = 1, . . . ,T1;

post-treatment: t = T1 + 1, . . . ,T . Individual 1 receives treatment at

t = T1 + 1, while others j = 2, . . . ,N do not receive any treatment.

Before treatment

Y 0
it = αi + b′i ft + uit , i = 1, . . . ,N; t = 1, . . . ,T1

Stacking i = 1, . . . ,N,

Yt = Y 0
t = α + Bft + ut , t = 1, . . . ,T1 (9)

where Yt = (Y1t , . . . ,YNt)
′, α = (α1, . . . , αN)

′, B = (b1, . . . , bN)
′ is

N ×K , and ut = (u1t , . . . , uNt)
′.

Also, define Ỹt = (Y2t , . . . ,YNt)
′ such that Yt =

(
Y1t , Ỹ

′
t

)′
.

Analogue definitions apply for α̃ and ũt .
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A Simple Derivation

Let a = (1,−γ′)′, where a is an N × 1 vector lying in the null space of B,

N(B), i.e., a′B = 0. The vector of a in the traditional fixed effect model is

quite intuitive: a =
(

1,− 1
N−1 ,− 1

N−1 , . . .
)′

.

Then by the definition of Yt and equation (9),

Y1t − γ′Ỹt = a′Yt = a′α + a′ut

Or equivalently,

Y1t =a′α + γ′Ỹt + a′ut (10)

≡γ1 + γ′Ỹt + u∗1t (11)

where γ1 = a′α and u∗1t = a′ut = u1t − γ′ũt .
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Main Assumptions

Assumption 1 (i) ||bi || ≤ M < ∞ for all i = 1, . . . ,N; (ii) ut is a

weakly dependent process with E (ut) = 0 and E (utu′t) = V , where

V is an N ×N diagonal matrix; (iii) E (ut f ′t ) = 0; (iv) E (ujt |d1t) = 0

for all j 6= 1.

Assumption 2 (i) Let xt = (1, Ỹ ′t )
′. Then {xt}Tt=1 is a weakly

dependent and weakly stationary process. T−11 ∑T1
t=1 xtx

′
t

p→ E (xtx ′t)

as T1 → ∞, and E (xtx ′t) is invertible. (ii) Rank(B̃) = K .

Assumption 3 (made in HCW, not necessary) E (u∗1t) = c1 + c ′Ỹt .

Note Assumption 3 implies a decomposition

u∗1t =E (u∗1t |Ỹt) + u∗1t − E (u∗1t |Ỹt) (12)

=c1 + c ′Ỹt + η1t (13)

where E (η1t | Ỹt) = 0.

Wei Jie (HUST) Factor Model and Program Evaluation 13 / 48



Main Assumptions

Assumption 1 (i) ||bi || ≤ M < ∞ for all i = 1, . . . ,N; (ii) ut is a

weakly dependent process with E (ut) = 0 and E (utu′t) = V , where

V is an N ×N diagonal matrix; (iii) E (ut f ′t ) = 0; (iv) E (ujt |d1t) = 0

for all j 6= 1.

Assumption 2 (i) Let xt = (1, Ỹ ′t )
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The Main Result of ATE

Now plugging (13) into (11),

Y1t =(γ1 + c1) + (γ + c)′Ỹt + η1t

=δ1 + δ′Ỹt + η1t , t = 1, . . . ,T1

Without Assumption 3, we can come to a slightly different result

Y1t = δ1 + δ′Ỹt + v1t , t = 1, . . . ,T1 (14)

where Cov(Ỹt , v1t) = 0. By OLS (over a time series of length T1),

we can obtain δ̂1 and δ̂, consistently.

For post-treatment s = T1 + 1, . . . ,T , extrapolate Ŷ 0
1s = δ̂1 + δ̂′Ỹs .

With the observation Y1s : Y1s = δ1 + δ′Ỹs + ∆1s + v1s , a sensible

estimator for treatment effect is ∆̂1s = Y1s − Ŷ 0
1s , and for ATE,

∆̂1 =
1

T2

T

∑
s=T1+1

∆̂1s
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Selecting significant control units

1 Hsiao, Ching, and Wan (2012): AIC or AICC

2 Du and Zhang(2015): Leave-nv -out cross validation.

3 Li and Bell(2017): Least absolute shrinkage and selection operator

(LASSO).

Consider a linear regression model

Y1t = x ′tβ + v1t , t = 1, . . . ,T1,

where x ′t = (1, Ỹ ′t ) and β = (δ1, δ′)′ is an N × 1 unknown vector.

The LASSO selects β to minimize

T1

∑
t=1

[Y1t − x ′tβ]2 + λ
N

∑
j=1

|βj |

Works even if N > T1.

Computationally efficient: 10−1s v.s. 102s

has smaller out-of-sample prediction errors.
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Consistency

Let ∆1 = E (∆1s) be the ATE for the first unit (under weak stationary). By

Assumption 1-3 in Li and Bell (2017),

∆̂1 − ∆1 = Op(T
−1/2
1 + T−1/2

2 )

The consistency still holds for trend-stationary processes.

The result above is actually quite intuitive. The consistency rates for

ATE reflects in-sample and out-of-sample estimation accuracy. Recall

that Ŷ 0
1s = δ̂1 + δ̂′Ỹs , Y1s = δ1 + δ′Ỹs + ∆1s + v1s , ∆̂1s = Y1s − Ŷ 0

1s ,

and for ATE, ∆̂1 =
1
T2

∑T
s=T1+1 ∆̂1s .
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The Asymptotic distribution

Assumption 4 Let β = (δ1, δ′)′ and the LS estimator β̂ = (δ̂1, δ̂′)′.

Then
√
T1(β̂1 − β1)

d→ N(0,Vβ).

Assumption 5 T−1/2
2 ∑T

s=T1+1(∆1s − E (∆1s) + v1s)
d→ N(0, Σ2),

where Σ2 is the asymptotic variance of

T−1/2
2 ∑T

s=T1+1(∆1s − E (∆1s) + v1s).

Assumption 7 Let η = limT1,T2→∞
T2
T1

. We assume that 0 ≤ η < ∞.

Under Assumption 1-7,

√
T2(∆̂1 − ∆1)

d→ N(0, Σ)

where Σ = Σ1 + Σ2, with Σ1 = ηE (xt)′VβE (xt). When T2/T1 → 0,

Σ ≈ Σ2.

We can easily estimate Σ1. For Σ2, one can estimate by Newey-West.

With Σ̂, one can test significance of ATE.
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The Data and Background of Application 1

Outcome variable: Hong Kong Economic growth (quarterly real GDP

growth rate in use).

N = 24 countries/regions: Australia, Austria, Canada, China,

Denmark, Finland, France, Germany, Indonesia, Italy, Japan, Korea,

Malaysia, Mexico, Netherlands, New Zealand, Norway, Philippines,

Singapore, Switzerland, Taiwan, Thailand, the UK, and the USA.

Two treatments (interventions): (i) reversion of sovereignty on 1 July

1997 from the UK to China, (ii) the implementation of Closer

Economics Partnership Arrangement (CEPA) starting in 2004:Q1

between mainland China and Hong Kong.

The observed data range from 1993:Q1 to 2008:Q1.

We report the resulting with the selection criterion AIC.
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The Impact of reversion of sovereignty
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The lack of intervention effects is hardly surprising given the one country,

two systems concept proposed by Deng Xiaoping. Moreover, the change of

sovereignty was known 14 years in advance and the institutional

arrangements were laid down in great detail in the Sino-British Joint

Declaration of 1984. Presumably, all needed adjustments had already

taken place before 1997.
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The impact of CEPA
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Conclusion

The average actual growth rate from 2004:Q1 to 2008:Q1 is 7.26%. The

average projected growth rate without CEPA is 3.47% using the group

selected by AIC. The estimated average treatment effect is 3.79% with a

standard error of 0.0151 based on the AIC group. The t-statistic is 2.5122.
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Home-purchase Restrictions in Beijing

The purchase restriction policy in Beijing entered into effect on April

30, 2010. Resident households were prohibited from buying more than

two units of residential premises and non-resident households can buy

at most one unit of residential premises with proof of local tax

receipts or social security records of one year.

The policy evaluation period is fixed from May 2010 to November

2011.

We choose cities without purchase restrictions as the control group.

Specifically, we include Tangshan, Qinhuangdao, Baotou, Jinzhou,

Jilin, Yangzhou, Bengbu, Anqing, Quanzhou, Jiujiang, Ganzhou,

Yantai, Jining, Luoyang, Pingdingshan, Yichang, Xiangfan, Yueyang,

Changde, Guilin and Beihai into the control group.

The data start from 2008:M1.
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Trial property tax in Shanghai

The trial property tax of Shanghai entered into effect on January 28,

2011.

To separate the effect of property tax from that of purchase

restrictions, we include 23 cities with purchase restrictions

implemented about the same time as Shanghai into the control

group, namely Shenzhen, Tianjin, Nanjing, Guangzhou, Xiamen,

Ningbo, Fuzhou, Haikou, Wenzhou, Hangzhou, Dalian, Taiyuan,

Zhengzhou, Wuhan, Hefei, Nanchang, Jinan, Qingdao, Kunming,

Shijiazhuang, Xian, Wuxi and Jinhua.

The policy evaluation period is fixed from February 2011 to February

2012.
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Trial Property Tax in Chongqing

The trial property tax of Chongqing entered into effect on January

28, 2011.

We include 22 cities without purchase restrictions into the control

group, namely Yangzhou, Bengbu, Anqing, Quanzhou, Jiujiang,

Ganzhou, Jining, Luoyang, Pingdingshan, Yichang, Xiangfan,

Yueyang, Changde, Huizhou, Zhanjiang, Shaoguan, Guilin, Beihai,

Luzhou, Nanchong, Zunyi and Dali
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Extensions

Adding Covariates.

Comparison with the Synthetic Control Methods (Abadie, Diamond

and Hainmueller, 2010, JASA)

Yit = δt + θ′tZi + λ′tµi + ε it

...
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Thank you

and Happy Thanksgiving!
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