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Calculus of variations (ZE4H%)

Calculus of variations (22 737%)

o A field of mathematical analysis that deals with maximizing or
minimizing functionals, which are mappings from a set of
functions to the real numbers.

e Functionals are often expressed as definite integrals involving
functions and their derivatives. (e.g., the famous shortest (in time)
path problem)

o The Euler-Lagrange equation provides a necessary condition
for finding extrema.
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Euler-Lagrange equation

Intuition: Finding the extrema of functionals is similar to finding the
maxima and minima of functions. This tool provides a link between
them to solve the problem. Consider the functional

i = [ L (x y(2), y'(2)) ds, 1)

1

where

@ 11, 1 are constants.

y(z) is twice continuously differentiable.

d
o y'(z) = g

L (z,y(x), v (z)) is twice continuously differentiable with respect to
all arguments z, y, and y’.
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Calculus of variations (ZE4H%)

Euler-Lagrange equation

Euler-Lagrange equation (Continued)

If J[y] attains a local minimum at f, and n(z) is an arbitrary function
that has at least one derivative and vanishes at the endpoints x; and
72, then for any number £ — 0, we must have

JIfI < Jlf+en]. (2)
Term en is called the variation of the function f. Now define
O(e) = JIf +enl. (3)

Since J[y| has a local minimum at y = f, it must be the case that ®(¢)
has a minimum at € = 0 and thus

- [
e=0 1 de

Advanced Macroeconomics

o

¥(0) =

dz = 0. (4)
e=0

Xu & Yi (HUST)

Supplementary Notes 4 /30



[EESSHNERS RIS LS ENEFsF Il Fuler-Lagrange equation

Euler-Lagrange equation (Continued)

Now taking total derivative of L[z, f+ en, (f+ en)’], we have:

dL 9L 0L
& oy +87y,77- (5)

Inserting (5) into (4) gives us

2 s
o de |, . \of' o
or  d(gh
B / ( e ) f"7
- (- “W
o of dz ’

where the last lines uses integration by parts and the fact that n
vanishes at z; and .
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Euler-Lagrange equation (Continued)

= (a1 d(5F)
/xl n(af— 10 dz=0, (6)

the fundamental lemma of calculus of variations makes sure that

Now given

oL  d(§h)
Bif_ dz - (7)

must hold!
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Euler-Lagrange equation (Continued)

= (a1 d(5F)
/xl n((‘?f_ 10 dz=0, (6)

the fundamental lemma of calculus of variations makes sure that

Now given

oL d(5f)

—_— p— 7
of dz (7)
must hold!
e However, it is possible to attain (7) based on (6) without applying
the lemmal
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Euler-Lagrange equation (Continued)

Now given
oL
8 !

T d(&s
/ n(%?— (d;;))dxzo, (6)

the fundamental lemma of calculus of variations makes sure that

oL d(5f)

—_— p— 7
of dz (7)
must hold!
e However, it is possible to attain (7) based on (6) without applying
the lemmal

e A special form of n?
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Euler-Lagrange equation (Continued)

T2 d(&%
/ n(%?— (d;;))dxzo, (6)

the fundamental lemma of calculus of variations makes sure that

Now given

oL o) _ @
af de
must hold!
e However, it is possible to attain (7) based on (6) without applying
the lemmal

e A special form of n?

e How about 7(z) equals —(z — z1)(z — 2)

d(g%)
oL af
87]0 ~ T dz for

T € [z1,22] and O for z & [z, 22]7
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Euler-Lagrange equation (Continued)

e How does (7) degenerate if y’ is not an argument of L?

e Homework: based on equation (2.16) in your textbook, try to
derive (2.17).
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A simple exercise

Consider the following problem:

max(e(y o)L, Jo € " ule(H)dt (8)
subject to  a(t) = ra(t) + w = c(t), a(0) = ap, a(1) =0.  (9)

where r and w are exogenously defined constants.
@ Deduce the Euler-Lagrange equation for the problem above.

e Rearrange your result above to give the Euler equation usually
used in your textbooks, % = p — r, namely, along the
household’s optimal path, the growth rate of its marginal utility of
consumption should be equal to the gap between the discount rate

p and interest rate 7.
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Another exercise: the Brachistochrone Curve

The famous Brachistochrone Problem: given two points (g, yo) and
(21, y1) with 29 < @1 and yo > y;1 in a two-dimensional world with
gravitational acceleration g and without frictions . Find a smooth path
that connects these points and makes the travel time from (g, yp) to
(z1, 1) the shortest.

The problem above is transformed into a mathematical one:

y(@) a0V 29Y0 — y(2)]

subject to  y(x) = yo, y(71) = 1. (11)

dz (10)

Check out
http://mathworld.wolfram.com/BrachistochroneProblem.html for
a detailed introduction to this problem!
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Pontryagin’s Maximum Principle

Pontryagin’s Maximum Principle

e Mainly developed by Pontryagin and his group.

o A Hamiltonian method that generalizes the Euler-Lagrange
equation above.
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Variational Arguments

Problem Al:

e Wlaft.(0) = [ a0 ar (12)
subject to  x(t) = g(t, z(t), y(t)), (13)
2(0) = 29, and z(t1) = x (14)

Other settings:
e Continuous differentiability of functions are assumed again.

the value of the state variable at the terminal of the horizon, z(t),
is flexible in this problem.

We ignore here the trivial requirements stating that the values of
z(t) and y(t) should always be in some sets X', ) € R for all .

e We suppose there exists an interior solution ((t), %(t)), and focus
on the necessary conditions for a solution.
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Variational Arguments (Continued)

Take a variation of function y(1):

y(t,€) = y(t) + en(t). (15)

Note that given y(t,€), z(t) is now dependent on e according to
evolutionary equation (13), so the resulting z(¢, ¢) is defined by:

(t,€) = g(t, 2(t,€), y(t,€)) for all t € [0, #;], with 2(0,€) = 29.  (16)

Define:

Wie) = Wt €), y(t,€))

= ; f(t, z(t,€), y(t,€))dt. (17)
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Variational Arguments (Continued)

Since i(t), y(t) solve the optimal control problem, we must have:
W(e) < W(0) for all small engough € — 0. (18)

Now recall that, g(t, 2(t,€), y(t,€)) — (¢, €) = 0 holds for all ¢. Then for
any function A : [0, ;] — R, we must have:

/0 MOLg(t 2(t ), 9t €)) — it €)] dt = 0. (19)

Function A(t) is called the costate variable, with an interpretation
similar to the Lagrange multipliers in standard (static) optimization
problems.
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Variational Arguments (Continued)

Combining (17) and (19) lets us redefine W(e):

W(e) = /Olf(t,:r(t,e),y(t,e))dt+0

/Otl{f(t, a(t,€), y(t, )+ AD)[g(t, 2(t, €), y(t, €)) — (1, )| }di

/Otl{f(t, a(t, €), y(t )+ A (D) gt 2t €), y(4, €)) +A(1)a(t, €) }dt
—A(t)a(t1, €) + A(0)zp. (20)

The last equality above uses integration by parts.
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Variational Arguments (Continued)

Applying Leibniz’s Rule to (20) yields:

WO = [ At 56Nt a(t.0). (1 )+A(B)] a(t e

+/0 Ut 2t 0wt €)) + AD)gy (b2l €), u(t )] (D)t
—A(t1)ze(t1, €) (21)

Recall that condition (18) can be rewritten as W (0) = 0. We thus
have:

0 = /Ol[fz(t,ﬁc(t%@(t))ﬂ( ) g=(t, 3(2), §(£))+A( )} 2. (,0)dt

+/0 (80, 70) + A, (630, 9 )] n(Ddt
—A(t1)ze(t1,0) (22)
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Variational Arguments (Continued)

Treating A\(¢1)ze(t1,0)

@ (22) must hold for any continuously differentiable A(%).

e we simply focus on a class of costate variables satisfying
AMt)=0 (23)

o As a result, A(t1)z(t1,0) = 0.
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Variational Arguments (Continued)

Treating [y [fo(6, 2(), () +A()ga(t, 2(8), (1) +A(D)] 2e(1,0)ae

@ Besides A(#1) = 0 as illustrated above, can we add more
requirements on the costate variable?

e Again, since (22) must hold for any continuously differentiable
A(t), why not focus on the following A(%):

At = =t 30, 9(8)+A(Dga(t, 2(8), 9(2))], (24)
At) = 0
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Variational Arguments (Continued)
Treating [0 [f,(4 3(2), 5()) + A(Dg, (4, 3(8), ()] n()dt

o Given the costate A(¢) defined above, equality
o (6 2(8), §() + MDgy(t, 3(8), §(1)] n(t)dt = 0 must hold for
arbitrary n(t).
e Applying the fundamental lemma of calculus of variations yields:

Fy(5(8), 4(1) + A(D)gy (8, 2(2), 4(1)) = 0 forall € [0, 2]  (25)
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Pontryagin’s Maximum Principle

Variational Arguments

Variational Arguments (Continued)

Theorem

Suppose Problem A1 has an interior continuous solution (I(t), y(t)),
then there exists a continuously differentiable costate \(t) defined on
[0, t1], such that (13), (23), (24), and (25) hold.
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| OIS PRI ERSteatite sl et TGl Variational Arguments

Problem A2

max  Wa(t),y(t) = [ St a(t), u(0) dt .
x(t),y(1) 0

subject to () = g(t, 2(t), y(t)), (26)
z(0) = a9, and z(t1) = 1.

Theorem

Suppose Problem A2 has an interior continuous solution (i(t), y(t)),

then there exists a continuously differentiable costate \(t) defined on
[0, t1], such that (26), (24), and (25) hold.

Can you figure out how and why Theorem 2 differs from Theorem 17

Xu & Yi (HUST)
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Revisiting the simple exercise

Consider the following problem:

WAy o)L, Jo € " ule(t)dt, (27)

t=0
subject to a(t) = ra(t) + w — ¢(t), a(0) = ag, a(1l) =0. (28)
where r and w are exogenously defined constants.

e Use the Pontryagin’s Maximum Principle (Theorem 4 above) to
get the same results (Euler equation) as before.

e Given u(c) = log(c), can you solve the problem above? What if
u(c) = [0 — e‘ﬁc(t)]?
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Problem A3

max  Wa(t),y(t) = [ St a(t), u(0) dt .
x(t),y(1) 0

subject to  z(t) = g(t, z(t),

y(1), (29)
z(0) = a9, and z(t1) > 1.

Theorem

Suppose Problem A8 has an interior continuous solution (i(t), y(t)),
then there exists a continuously differentiable costate \(t) defined on
[0, 1], such that (29), (24), (25), and A(t1)[z(t1) — z1] = 0 hold.

Can you figure out how and why Theorem 3 differs from Theorem 17
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Pontryagin’s Maximum Principle

Revisit Problem Al. Define the Hamiltonian:

H(t, (1), y(1), A() = ft, 2(8), y(1)) + A(D)g(L, (1), y(1)).  (30)

Theorem

Suppose Problem A1 has an interior continuous solution (x(t), y(1)),
then there exists a continuously differentiable function \(t) such that
the following necessary conditions hold:

£ a(t), yt), A(1)) for all te [0, 1], (31)
), A(t)) for all te|0,t], (32)

(33)

(34)

=
S+
>
—~
a2
<
>
~—

,A(t)) for all feasible v, t,
z(0) =29, A(t1) =0.

Question: relationship between (25) and (33)7
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Pontryagin’s Maximum Principle (Continued)

e The results of equations (31)-(34) are straightforward to
understand given the variational arguments illustrated earlier.

Can you figure out the Pontryagin’s Maximum Principle for
Problems A2 and A37

(important) In all problems so far, we have both z and y
one-dimensional variables. The Pontryagin’s maximum Principle
also applies to scenarios where x and y are actually vectors of state
and control variables, respectively. In these cases, it may be
necessary to introduce more than one costate variables, e.g.,

A1(t), -+, Ak() into the Hamiltonian. For instance, if the
evolutionary equation becomes & = ¢;(-) and %ﬂ = g2(). We
actually have two state variables here: x = (z, Z).

So far only necessary conditions discussed. Sufficient conditions?
It suffices to have some degree of concavity of H(t, x,y, A) in (z, y).
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Pontryagin’s Maximum Principle [V iAWz (eistelsl

Infinite Horizon Problem

Consider Problem Ad4:

max  W(x(t), / ft, x(t), y(t)) dt (35)

(1), y(t)
subject to  z(t) = g(t, z(t), y(t)), (36)
Ip.

y(
z(0) = ap, and hm b(t)x(t) >

Notice: When the integral is defined on an unbounded interval, we
need more assumptions (related to the dominated convergence
theorem) on the integrability of some functions for the Leibniz’s Rule
to apply. However, these details are trivial and almost always satisfied
in economic applications.

Xu & Yi (HUST) Advanced Macroeconomics Supplementary Notes 25/30



Pontryagin’s Maximum Principle [V iAWz (eistelsl

Infinite Horizon Problem (continued)

Theorem

Suppose Problem A4 has an interior continuous solution (i(t), y(t)),

then there exists a continuously differentiable function A(t) such that
the following necessary conditions hold:

A1) forall teR,,  (37)
(t) = Ha(t, 2(t), y(t), A(t)) for all te Ry, (38)

H(t, i(t), y(t), AN(t)) > H(t, i(t), y, A(t)) for all feasible y, t, (39)
2(0) = 1, tli)rglo b(t)a(t) > . (40)
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Current-Value Hamiltonian

Consider Problem Ab:

max  W(a(), y(1)) = / P at), (1)) dt (41)

a(t),y(t)
subject to  (t) = g(t, z(t), )) (42)

y(
2(0) = zp, and hm b(t)x(t) >

The Hamiltonian is:

H(t, a(t), y(2), A(1) = ™" [fa(D), y(2)) + A g(t, 2(2), y(1)]  (43)

Define function pu(t) = ¢”*A(¢). The current-value Hamiltonian is
thus defined as

H(t, a(t), y(1), () = flalt), y(8) + u(B)g(t, 2(8), y(1)). (44)
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Current-Value Hamiltonian(continued)

Theorem

Suppose Problem A5 has an interior continuous solution (i(t), y(t)),

then there exists a continuously differentiable function u(t) such that
the following conditions hold:

(630, (1), 1() = 0 for all te Ry,

pr(t) — fu(t) = Hy(t,3(1), §(t), u(t)) for all te Ry, 46
i(t) = H,(t, (1), ¥(t)

Jim [e~"u(1)a(8] = 0
2(0) = xp, lim b(¢)a(t) > z1.

t—00

(45)
(46)
t),u(t)) for all te R4, (47)
(48)
(49)

(48) is a simplified version of the Transversality Condition for
optimization problems with an infinite horizon.
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Pontryagin’s Maximum Principle [EEsIIsEATIN

Homework

Try your best to understand:
e Example 7.1 (page 233), Example 7.3 (page 252), and Section 7.8:
The g-theory (page 269) in Acemoglu (2008).
e Or examples between pages 641-643, and Section 20.5 (page 649)
in Chiang and Wainwright (2005). Note that the notations used in
these books are different.
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